The cylindrical Couette flow of a rarefied gas between a rotating inner cylinder and a stationary outer cylinder is investigated under the following two kinds of kinetic boundary conditions. One is the modified Maxwell-type boundary condition proposed by Dadzie and Méolans [J. Math. Phys. 45, 1804 (2004)] and the other is the Cercignani-Lampis condition, both of which have separate accommodation coefficients associated with the molecular velocity component normal to the boundary and with the tangential component. An asymptotic analysis of the Boltzmann equation for small Knudsen numbers and a numerical analysis of the Bhatnagar-Gross-Krook model equation for a wide range of the Knudsen number are performed to clarify the effect of each accommodation coefficient as well as of the boundary condition itself on the behavior of the gas, especially on the flow-velocity profile. As a result, the velocity-slip and temperature-jump conditions corresponding to the above kinetic boundary conditions are derived, which are necessary for the fluid-dynamic description of the problem for small Knudsen numbers. The parameter range for the onset of the velocity inversion phenomenon, which is related mainly to the decrease in the tangential momentum accommodation, is also obtained.
I. INTRODUCTION
The cylindrical Couette flow is one of fundamental problems in fluid mechanics. If the inner cylinder is rotating at constant speed whereas the outer one is at rest, the circumferential flow speed will usually take its maximum on the inner cylinder and decrease monotonically to its minimum on the outer cylinder. In the case of a rarefied gas, however, the velocity slip on the boundaries may induce a nonmonotonic velocity profile; as the accommodation of the gas to the outer cylinder becomes weak, the slip on the outer cylinder grows and the velocity profile between the cylinders may have an inverted gradient. This phenomenon was first recognized in Ref. [1] and has been studied by subsequent analyses based on the Boltzmann equation with the Maxwell-type (diffuse-specular) boundary condition [2] [3] [4] , those based on the (incompressible) Navier-Stokes equation [5] [6] [7] [8] [9] [10] where the effect of rarefaction was taken into account via various velocity-slip models, and so forth [11, 12] .
In the present study, we investigate the same problem on the basis of kinetic theory employing the following two boundary conditions on the cylinders: we employ (i) a modified Maxwell-type condition [13] (see also Refs. [14, 15] ) and (ii) the Cercignani-Lampis (CL) condition [16] . Both of those conditions have the flexibility to adjust the tangential momentum accommodation coefficient (TMAC) independently of another accommodation coefficient concerning the molecular velocity component normal to the boundary. By using them, we aim to distinguish the effect of each accommodation coefficient on the behavior of the gas, especially on the flow-velocity profile, more clearly than in the case of the (standard) Maxwell-type condition employed in the previous studies [2] [3] [4] .
The paper is organized as follows. After the formulation of the problem in Sec. II, we first carry out an asymptotic analysis * kosuge.shingo.6r@kyoto-u.ac.jp of the Boltzmann equation for small Knudsen numbers in Sec. III. The velocity-slip and temperature-jump conditions on the cylinders corresponding to the above two kinetic boundary conditions are derived, which are necessary to the fluid-dynamic equation in Ref. [3] . Numerical solutions of the fluid-dynamic system thus obtained are shown, and the linearization (in the case of slow rotation of the cylinder) is performed to derive the exact solutions. Then in Sec. IV, we carry out a numerical analysis of the Bhatnagar-Gross-Krook (BGK) model equation [17, 18] (instead of the original Boltzmann equation) to investigate the problem for a wide range of the Knudsen number. The profiles of the macroscopic quantities and the parameter range for the onset of the velocity inversion are obtained, which confirm our expectation that the onset is related mainly to a decrease in the TMAC. Finally, the paper is concluded in Sec. V. This paper is the follow-up of Ref. [19] reported in the conference proceedings.
II. FORMULATION

A. Problem and assumptions
Let us consider a rarefied gas between two coaxial cylinders. The inner cylinder with radius r I and temperature T I rotates at a constant surface speed V I , whereas the outer cylinder with radius r O and temperature T O is at rest. We investigate the steady behavior of the gas on the basis of the Boltzmann equation, restricting ourselves to an axially and circumferentially uniform case [the BGK model equation [17, 18] is employed in the numerical analysis in Sec. IV]. As for the boundary condition on the cylinders, we assume (i) a modified Maxwell-type condition [13] or (ii) the Cercignani-Lampis (CL) condition [16] .
B. Basic equation
We first introduce the cylindrical coordinate system (r,θ,z), where the z axis corresponds to the common axis of the cylinders. Let ξ denote the molecular velocity and ξ r , ξ θ , and ξ z denote, respectively, the r, θ , and z component of ξ ; f (r,ξ ) denotes the velocity distribution function (VDF) of molecules. The macroscopic quantities of the gas, such as the density ρ, flow velocity v, pressure p, and temperature T , are defined by Eq. (1) below in terms of moments of the VDF; v r , v θ , and v z denote, respectively, the r, θ , and z component of v (v r = v z = 0 in the present study),
where R is the specific gas constant and dξ = dξ r dξ θ dξ z . The domain of integration is the whole space of ξ . The Boltzmann equation for the present problem is written as
where J is the collision term, the explicit form of which is omitted here (see, e.g., Refs. [20] [21] [22] ). In the case of the BGK model,
where A is a constant and Aρ corresponds to the molecular collision frequency.
C. Boundary conditions
The boundary condition (BC) is expressed in terms of the scattering kernel K (see, e.g., Refs. [20, 22] ) as
Here and in the following, the subscript i represents I (the inner cylinder) or O (the outer cylinder); n I = 1, n O = −1, and dξ = dξ r dξ θ dξ z . The explicit forms of K for BCs employed in the present study are given below.
Scattering kernel of the modified Maxwell-type condition
where δ is the Dirac delta function and V O = 0. The coefficients α I and β I (or α O and β O ) of the inner (or outer) cylinder have the following physical meanings:
is the energy accommodation coefficient (EAC) associated with the normal velocity component and β i ∈ [0,1] is the TMAC. In terms of the notation introduced in Appendix A, where an accommodation coefficient a c (ψ) for an arbitrary function ψ(ξ ) is defined, those are written as α i = a c (ξ 2 r ) and β i = a c (ξ θ ) = a c (ξ z ).
Incidentally, the EAC associated with the tangential velocity is also given by β i (more precisely, a c [(ξ θ − V i ) 2 ] = a c (ξ 2 z ) = β i ; see Appendix A for a definition of a c (·)). In Appendix B, we show the expression of the above kernel (5) as a convex combination of the scattering kernel for the CL condition [Eq. (6) below] and an extension to β i ∈ (1,2].
Scattering kernel of the CL condition
where
Here I 0 is the modified Bessel function of the first kind and zeroth order. The coefficient α i ∈ [0,1] in Eq. (6) has the same physical meaning as in Eq. (5); β i ∈ [0,2] is again the TMAC, whereas the EAC associated with the tangential velocity is given by β i (2 − β i ) in the case of the CL condition (i.e., a c [(ξ θ − V i ) 2 ] = a c (ξ 2 z ) = β i (2 − β i ); see Appendix A for a definition of a c (·)). When β i > 1, more than half of the impinging molecules experience backscattering (i.e., the scattering where the change in the direction of tangential velocity is larger than π/2).
D. Dimensionless parameters
Rewriting the Boltzmann equation (2) and the BC (4) [with the scattering kernel (5) or (6)] in an appropriate dimensionless form, we see that the present problem is characterized by the following dimensionless parameters: The Knudsen number Kn, which indicates the degree of rarefaction, is defined as the ratio of the mean free path I of molecules in an equilibrium state at rest with density ρ av and temperature T I to the radius r I of the inner cylinder.
Here ρ av denotes the average density of the gas between the cylinders; I = m/(2 1/2 πd 2 ρ av ) in the case of the hard-sphere (HS) molecular gas (m and d are the molecular mass and diameter) and I = (8RT I /π ) 1/2 /(Aρ av ) in the case of the BGK model.
III. ASYMPTOTIC ANALYSIS FOR SMALL KNUDSEN NUMBERS
In this section, we carry out an asymptotic analysis of the boundary-value problem (2) and (4) for small Knudsen numbers, in the case where the TMAC β i is also small [the actual analysis is performed for dimensionless versions of Eqs. (2) and (4)]. More precisely, we consider the following two cases:
Since the procedure of the analysis is essentially the same as in Ref. [3] (see also Refs. [21, 22] ), we show its outline only (notice the difference in the definitions of α i and β i here and those in Ref. [3] ).
A. Fluid-dynamic equation
Let be small. First, putting aside the boundary condition, we seek a solution of the Boltzmann equation [dimensionless version of Eq. (2)] varying moderately in space in a power series of . This solution is called the Hilbert solution. According to Ref. [3] , the Hilbert solution at the leading order (the order of 0 ) is a local Maxwellian. From the solvability conditions for the solution at the order of 1 and 2 , the following fluid-dynamic set of equations for the macroscopic quantities at the leading order is derived: (8) is equivalent to the compressible Navier-Stokes set. We should note again that the above set (8) has been derived in Ref. [3] ; the explicit form of the Hilbert solution up to O( 1 ) is shown in the same reference.
B. Boundary conditions for the fluid-dynamic equation
Next we take into account the kinetic boundary condition (KBC) [dimensionless version of Eq. (4)]. Let us first consider the case of β i = O (1) . In this case, the Hilbert solution at the leading order (i.e., a local Maxwellian) will satisfy the KBC if the boundary values of u θ0 andT 0 coincide with the velocity and temperature of the cylinders. That is, as a BC for the fluid-dynamic set (8) , the nonslip condition is required:
where i = I (or i = O) on the inner (or outer) cylinder,r I = 1,
, however, the KBC at the leading order puts no restrictions on the boundary values of u θ0 (andT 0 ). To determine those boundary values, we need to proceed to the next order.
Case 1
In this case, the KBC at the leading order reduces to the specular reflection, which is satisfied unconditionally. At the next order, however, the Hilbert solution cannot satisfy the KBC. Thus we need to introduce a correction (called the Knudsen-layer correction) in a thin layer [with a thickness of O( I )] adjacent to the boundary. The total solution (Hilbert solution + Knudsen-layer correction) will solve the original boundary-value problem at O( 1 ).
As in Ref. [3] , the problem for the Knudsen layer is formulated as a half-space boundary-value problem of the linearized Boltzmann equation, which in general can be solved only numerically. By solving it, one obtains the Knudsen layer at O( 1 ) and, at the same time, the BCs for u θ0 andT 0 . In the present study, however, we need the latter BCs only. Thus we follow the procedure in Refs. [23] [24] [25] , by which one can derive the latter only without solving the Knudsen-layer problem explicitly. The result for the modified Maxwell-type condition [Eq. (4) with (5)] is given as follows: atr =r i ,
Note that Eq. (10) withα i =β i is essentially the same as the corresponding result in Ref. [3] derived for the (standard) Maxwell-type condition. In the case of the CL condition [Eq. (4) with (6)], one obtains Eq. (10a) and
instead of Eq. (10b). The above BCs (10) and (11) approach the nonslip BC (9) asβ i → ∞.
Case 2
In this case, the KBC at the leading order reduces to the specular reflection with respect to the tangential velocity only [corresponding to the limit β i → 0 of Eq. (5) or (6) ]. The Hilbert solution at the leading order (a local Maxwellian) can satisfy this condition if the boundary value ofT 0 coincides with temperature of the cylinder. That is, the nonslip condition forT 0 is required. To determine the boundary value of u θ0 , we again consider the Knudsen layer at O( 1 ) and follow the same procedure as before. Finally, we obtain the following BCs for u θ0 andT 0 : atr =r i ,
for both the modified Maxwell-type and CL conditions. The above BC (12) is derived also as the limitα i → ∞ of the BC (10) [or (11)] in Case 1.
C. Numerical solutions of the fluid-dynamic equation
Numerical solutions of the fluid-dynamic equation (8) for the HS molecules with the BC (10), (11) , or (12) are shown below. Incidentally, Eq. (8) for the BGK model (with γ 1 = γ 2 =T 1/2 0 ) gives similar results (see Fig. 9 appearing later). For simplicity, we assume that both cylinders have common accommodation coefficients, i.e.,α I =α O (≡α) andβ I =β O (≡β). Figure 1 shows results with the BC (10) (corresponding to the modified Maxwell-type condition) or (12) (to both KBCs) in the case of r O /r I = 2, T O /T I = 1, and U I = 0.5. The profile of the velocity u θ0 is inverted forβ 0.5 in this case. Sinceα appears only in the BC (10b) for the temperature, the velocity profile is almost independent ofα. Figure 2 shows results with the BC (10a) and (11) (corresponding to the CL condition) for the same case as in Fig. 1(a) . Comparing Figs. 1(a) and 2, we see that the velocity profiles for both KBCs are almost identical. Figures 3 and 4 show the dependence of the velocity profile on U I and r O /r I , respectively. As in Figs. 1 and 2 , the inverted velocity profile occurs for sufficiently smallβ. The velocity slips (or |U i − u θ0 |) on both cylinders increase with decreasinĝ β, whereas the slip on the inner cylinder grows faster, resulting in the inverted profile. This is because the torque exerted on the gas by the cylinder is proportional tor 2 i |U i − u θ0 |. To be more specific, let us denote the magnitude of the torque (per unit length in z direction) as 2πr 2 I (Rρ av T I )N i , where i = I (or i = O) for the inner (or outer) cylinder. ThenN i up to O( ) is given aŝ
If we ignore the differences betweenρ 0 (1)T 1/2 0 (1) and ρ 0 (r O )T 1/2 0 (r O ) (they are less than 3 % whenβ < 2 in Figs. 1-4 This inequality gives a rough estimate for the velocity slip on the outer cylinder when the inverted profile arises, which is actually satisfied in Figs. 1-4 . The above inequality can naturally be derived also from the exact solution of the linearized equation shown in the next section (see also Appendix C).
D. Linearization
We next linearize the fluid-dynamic equation (8) and the BCs (10), (11) , and (12) under the assumption that |U I | 1 and |T wO − 1| 1 (but |U I | Kn). If we putρ 0 = 1 + ω, u θ0 = u,T 0 = 1 + τ , andp 0 = 1 + P with |ω| 1, |u| 1, |τ | 1, and |P | 1, and neglect the higher-order terms, then the fluid-dynamic equation (8) reduces to
The BCs (10) and (11) in Case 1 are rewritten as follows: at r =r i ,
where c = 1 for the modified Maxwell-type condition, c = 2 for the CL condition, τ wI = 0, τ wO =T wO − 1, and γ * 1 and γ * 2 denote, respectively, γ 1 and γ 2 atT 0 = 1. The BC in Case 2 is given by Eq. (16a) and τ wi − τ = 0 instead of Eq. (16b). Note again that Eq. (16) with c = 1 andα i =β i is essentially the same as the corresponding result in Ref. [3] for the (standard) Maxwell-type condition.
The flow velocity u is decoupled from the temperature τ in the above linearized system (15) and (16) . Thus u is independent ofα i but depends only onβ i corresponding to the TMAC. The above system can be solved analytically and gives the velocity field u corresponding to the solution of the incompressible Navier-Stokes equation. As indicated by dashed lines in Fig. 1(a) , the solution u does not differ much from the result of the compressible Navier-Stokes set even when U I = 0.5. In Appendix C, the explicit form of the analytical solution is shown and two kinds of criterion for the occurrence of the velocity inversion, one of which will be compared with numerical results of the BGK model in Fig. 10 later, are derived from it. 
IV. NUMERICAL ANALYSIS FOR A WIDE RANGE OF THE KNUDSEN NUMBER
A numerical analysis of the BGK model equation [i.e., Eq. (2) with (3)] via a finite-difference method is carried out to investigate the behavior of the gas for a wide range of the Knudsen number. Essentially the same finite-difference scheme as that devised in Ref. [26] is employed, where the discontinuity of the VDF appearing in a gas around a convex body [27] is correctly taken into account.
In this section, we restrict ourselves to the case of r O /r I = 2 as well as α I = α O (≡ α) and β I = β O (≡ β) as in Sec. III C. The computations are performed mainly for the modified Maxwell-type condition [Eq. (4) with (5)], whereas some auxiliary computations for the CL condition [Eq. (4) with (6) ] are also performed for comparison; this is because the former condition is easier to compute in the case of a finite-difference method. Some data for the computation are given in Appendix D. On the other hand, as seen in Figs. 6 and 7 , the profiles of ρ and T depend on both α and β. Those for the modified Maxwell-type condition do not agree well with those for the CL condition with the same α and β (except when α = β = 1), even when Kn is small. This is because the EAC is different; as mentioned in Sec. II C, a c [(ξ θ − V i ) 2 ] = β for the modified Maxwell-type condition, whereas a c [(ξ θ − V i ) 2 ] = β(2 − β) for the CL condition [a c (ξ 2 r ) = α for both BCs]. Figure 8 shows a comparison of the results of the modified Maxwell-type condition with α = β and those of the (standard) Maxwell-type condition with the same accommodation coefficient. In this case, both BCs have common TMAC and EAC. Thus all the profiles of v θ , ρ, and T show good agreement when Kn 1. Naturally, the disagreement appears as Kn increases, since the profiles become sensitive to details of BC.
A. Profiles of the macroscopic quantities
The profiles of the flow velocity for small Kn in Figs. 5(a) and 5(b) and those of the temperature in Fig. 7(a) are similar to the results of the asymptotic analysis shown in Fig. 1 . More direct comparisons when [=(π 1/2 /2)Kn] = 0.02 are shown in Fig. 9 . The results of the BGK model are well reproduced by the fluid-dynamic set (8) with the BC (10) even when β = 1 and/or α = 1. The results obtained with the nonslip BC (9) , which correspond to the limitβ → ∞, are also shown for comparison. As seen in panel (b), the temperature profiles obtained with the BC (12) (corresponding to the limitα → ∞) are less accurate, whereas they are consistent because the differences from the results of the BGK model are smaller than . 
B. Critical value of β for onset of the inverted velocity profile
As seen in Fig. 5 , the inversion of the flow velocity profile occurs when β is sufficiently small. The critical value β c of β for the onset of the inversion varies depending on Kn, α, and the other parameters. Figure 10 
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The β c takes its maximum at an intermediate Kn. When Kn 1, the velocity profile is insensitive to the type of BC as seen in Figs. 5(a), 5(b), and 8(a). Thus it is natural that, as seen in Fig. 10(a) , β c converges to the critical value for the (standard) Maxwell-type BC as Kn decreases. In addition, β c for T O /T I = 1 in panel (a) approaches the criterion (C3) as Kn decreases, which is derived from the solution of the linearized system (15) and (16) in Appendix C.
Finally, we should note that some of the previous experiments reported rather small values of accommodation coefficients for well-controlled clean surfaces; see Refs. [28, 29] for the TMAC and Refs. [30, 31] for the EAC. According to those references, the values of β c in Fig. 10 (for intermediate Kn) are within the reach of experimental verification.
V. CONCLUDING REMARKS
In the present study, the cylindrical Couette flow of a rarefied gas between a rotating inner cylinder and a stationary outer cylinder was investigated on the basis of kinetic theory. Two kinds of kinetic boundary conditions, i.e., (i) the modified Maxwell-type condition and (ii) the CL condition, were employed on the surface of the cylinder, both of which can adjust the TMAC separately from another accommodation coefficient associated with the normal velocity component. By using those boundary conditions, we aimed to distinguish the effect of each accommodation coefficient on the behavior of the gas, especially on the profile of the circumferential flow velocity.
We carried out an asymptotic analysis of the Boltzmann equation for small Knudsen numbers, showed the fluiddynamic equation describing the behavior of the macroscopic quantities at the leading order, and derived the appropriate boundary conditions on the assumption that the TMAC is small (of the order of the Knudsen number). The numerical solutions of the fluid-dynamic system indicate that the flow velocity profile practically depends on the TMAC only. Further, when the rotation of the inner cylinder was slow, we linearized the above system and showed that the flow velocity is decoupled from the temperature field and thus exactly depends on the TMAC only.
Then we carried out the numerical analysis of the BGK model equation by means of a finite-difference method and obtained profiles of the macroscopic quantities for a wide range of the Knudsen number and the accommodation coefficients. The dependence of those macroscopic profiles on the accommodation coefficients and on the type of the boundary condition is clarified. We also made a comparison with the results of the asymptotic analysis and confirmed that the numerical solutions of the BGK model for small Kn were well reproduced by them. Finally, we obtained the critical values of TMAC for the onset of the inverted velocity profile in various cases. The results show that the critical value, as a function of the Knudsen number Kn, has a maximum at an intermediate Kn and converges to the previous result [3] for the (standard) Maxwell-type condition as Kn decreases.
